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ABSTRACT. The class B of Bloch functions is the class of all those
analytic functions in the open unit disc for which the maximum modulus is
bounded by ¢/(1 —r) on |z| < r. We study the absolute values of the Taylor
coefficients of such functions. In particular, we find all coefficient multipliers
from P into B and from B into I/P. We find the second Kothe dual of B and
show its relevance to the multiplier problem. We identify all power series

Ea"z" such that Z:wnanz" is a Bloch function for every choice of the bounded

sequence {wn}. Analogous problems for HP spaces are discussed briefly.

1. Introduction. The class of functions f, analytic for |z| < 1 with
f(0) = 0, for which

(1.1) Al = oup A-NIf@I<e (=IzI)

will be denoted by B. These functions (without the restriction f(0) = 0) are
called the Bloch functions. One easily verifies that B is complete in this norm,
and is therefore a Banach space. We shall denote by B, the subspace consisting
of those functions f € B for which

limQ -NIf'@l=0 (@E—1).

It has been shown in [1] that B is the second dual of B, the first dual
being the space A(1, 1) of functions g, analytic for |z]| < 1 with g(0) = 0, for
which

1 Mn
gl = L [271g' e rdrdp < .

The pairing is given by (f, &) =lim,, , - Z7 An)g(n)r" where f(z) = f(n)" €B
and g(z) = Zg(n)z" € A(1, 1).

It is well known that, with the usual notations, H~ C B. On the other
hand, the Bloch function =22" does not have bounded characteristic. Thus the
space B cuts across the usual function classes. Nonetheless some nice properties
remain. For example, it is shown in [1] that the Bloch functions have radial
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limits on a dense set. In this paper we shall study the Taylor coefficients of
Bloch functions. In particular we shall determine the coefficient multipliers of
B into /P.

Given two vector spaces 4, B of sequences, we denote by (4, B) the space
of “multipliers” from 4 to B. More precisely, (4, B) = (A = {\,}: \,q,} €
B for every {a,} € A}. We note the following two trivial facts. Here 4, B, C
are any three sequence spaces.

(12) ACB=(8, C0C4,C),

(13) A C (B, O) isequivalentto B C (4, O).

We regard spaces of analytic functions, such as B and A(1, 1) as being
sequence spaces (Taylor coefficients). The above example of a gap series Bloch
function shows that the sequence A, = (log(n + 1))™*/2 (n > 1) does not belong
to (B, 12). On the other hand, it follows from (1.1) by Parseval’s formula that,
for f€ B,

1.49) 3 RI70)P2* <cl(1 - PR,
1

Fixing n, and choosing r = 1 — 27" one obtains (see the proof of Lemma 8 for
more details)

2n+l

@.5) Y f@R<e, @®=1,2,...).

142"
Thus for any & > % the sequence A, = (log(n + 1)) ™ is in (B, I2).
2. Definitions and preliminary results. Let I, = {k: 2" <k <2"*1}
m=0,1,...).
DEFINITION 1. For 1 <@, § < o we denote by /(a, f) the set of those
sequences {a;} (k = 1) for which

{(Z:la,,r’)”"}“ €r @<
In n=0

sup la, |\~ €8 = o),
{k eIpIkI}":o @=)

n

and

These spaces are Banach spaces under the obvious norms. See C.N.
Kellogg [9] for further information on them. We remark that I(p, p) = IP.



COEFFICIENT MULTIPLIERS OF BLOCH FUNCTIONS 257

In studying the coefficient multipliers of B we will identify (B, IP) with
the space of multipliers from a larger space into /P. Let E denote the space of
functions f, analytic in |z| < 1 with f(0) = 0, for which

@.1) Wily = sup_ (1 - r){ N f'(re”)Pda}” ™

We shall show that (B, IP) = (E, IP). We require some general results on duality
of sequences spaces and on multipliers into spaces such as P,

Various concepts of duality for sequence spaces are given in [5], [6], and
[10]. Let D be a fixed sequence space. Then the “D-dual” of a sequence space
A, denoted by AP, is defined to be (4, D), the multipliers from A toD. The
Kéthe dual is obtained when D = I, and will be denoted AX. The Abel dual,
with which we shall mainly be concerned, is obtained when D is the space of
Abel-summable sequences, that is, the space of sequences {d,,} for which

(22) lim $ a,r* —17)

exists. We denote the Abel dual of 4 by 4°. Note that when d,, > 0, then the
existence of this limit is equivalent to Zd, < co. Clearly, AX C 4°.

We have the following universal relations, valid for any D. Here APP
denotes (42)°.

(@) ACB=BP CAP.
(2.3) (b) A C APD,
(c) 4P =4PPD,
In general, 4 # APD. For example, in either Abel or Kothe duality if 4 = ¢,
(sequences tending to 0), then AP =11 and 4PP =1~
Lemma 1. (i) (4, B) C (BP, 4P).
(i) (BP, AP)=(4PP, BPD),

ProoF. (i) Let {A,} €(4, B), and {u,} € BP. We must show that
{\,} € AP, in other words, that {A,u,a,} € D for all {g,} €A. But
M,una,} = {\,a,)u,} €D since {\,a,} €B.

(ii) By (i) and (c) we have

(BP, AP) C (4PP, BPD) c (BPDPD, 4PDDy = (BD, 4D),

Note that equality need not hold in (i), even for Kéthe or Abel duality.
Let 4 = c, the convergent sequences. Then A2 =I? for Kothe or Abel duality.
Then (4, A) = c (since ¢ contains the constant sequence 1), but (42, 4AP) =
L1y =1~
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A sequence space A is said to be solid if, whenever it contains {g,} it also
contains all sequences {b,} with |b, | < |la, |. Such spaces are also called
normal ([10, §30, p. 405]). Equivalently, 4 is solid if /® C (4, A). Note that
for solid spaces the Abel dual and the Kothe dual coincide: AX = 49,

LEMMA 2. If A is a sequence space then there is a largest solid subspace,
s(A), contained within it, and a smallest solid superspace, S(A), containing it.
Furthermore, s(4A) = (1%, A).

ProoF. The space S(4) is the intersection of all the solid spaces that
contain A (for example, the space of all sequences).

Let s(4) = (I =, A). It is trivial to verify that s(4) is a solid subspace of
A. Now let B C A be any other solid subspace. If {b,} €B and {w,} €17
then {w,b,} €B C A. Hence {b,} € (I, A), and so B C s(4).

LEMMA 3. Let X be any solid space. Then

0 4 X)=(S4), X),
(@) X, 4) = (X, s(4)).

Proof. (i) Let B = (4, X). Then A C (B, X) by (1.3). But this is a solid
space containing 4 and so S(4) C (B, X). Using (1.3) and (1.2) we have

B C (S(4), X) C (4, X) = B.

(i) Let B = (X, A), and let (b,) € B, (x,) € X. By Lemma 2, s(4) =
(1=, A). Thus to show that (b,x,) € s(4) we must show that (b,x,w,) =
(b,(x,w,)) is in A for all (w,) €17, and this is obvious.

We now show that s(4%) = 4X, the Kothe dual of 4 (recall that AX =
“,1).

LemMA 4. (i) s(4%) = 4.
(ii) If A% = A, then s(4) = (4°)X.
(i) If X is solid and XXX = X, then (4, X) = (4 %%, X).

ProoF. (i) From Lemmas 2 and 1 (i) we have
(4% = (=, A% = (4%, 1)) C 4, 1") = 4K,
Conversely, AX is solid and AX C 4%, so AX C s(49).
(ii) Same proof as in (i).

(iii) Since s(4%) C 4% we have 4 C s(4°)®. Hence from Lemmas 1 and 2,
and from (1.2), we have

4, x) c (xX, 45 c @¥%, ) c @, X).
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Note the significance of part (iii). Trivially, we have 4 C AKX and 4XK
is solid, so that S(4) C AXX. In general, they do not coincide (eg. 4 = ¢; see
also §4, Example 1). However, from an operational point of view (more precisely,
when considering multipliers into any solid space X that is “Kothe reflexive”:
XXK = X) these two spaces are interchangeable. Since it is frequently very
difficult to determine S(A) precisely, we may use AXX as a reasonable substitute.
Furthermore, it can be obtained from the relation AXX = 5(4%)* whenever
5(A4%) has been obtained (and there are methods for finding s(4%) in many cases).
Spaces for which XXX = X are sometimes called perfect ([10, §30, p. 406]).

THEOREM. Let X be any solid space with XXX = X. Then
(B, X) =((2, ), X).

The multipliers (I(2, ), /) are easily determined, this has been done by
Kellogg [8]. Thus we have the following result.

COROLLARY 1.

2p
I_
(2_p,p), 1<p<2,
(B,1%) =

(=, p), 2<p <o,

Since BX = (B, I') = I(2, 1), we have identified the second Kéthe dual of

COROLLARY 2. BXK =(2, ).

3. Proof of Theorem 1. We shall use the Rademacher functions {r,(¢)}
(see [10, Chapter V, §8] for the elementary properties of these functions). In
particular we require Khintchin’s inequality [12, Chapter V, Theorem 8.4] which
we state as follows.

LemMA 5. Let f(z) = =f(n)z" be analytic for |z]1 < 1. Let

3.1) fe) =Zr,(Ofmz"  (0<t<1).

Then there are absolute constants ¢, and c, such that

erfolf@1dr < (Sifen)P lzP")”2 <o,f 5@l 1z1<1.
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DEFINITION 2. For 1 < a, § < = we denote by A(a, f) the set of those
functions h(z) analytic for |z| < 1 with h(0) = 0, for which

1
(2) 1, ( { z"lh'(re"’)l‘* de) BI ar < oo,

The corresponding spaces when a or § = o are defined analogously. Note that
A(2, B) is a solid space (1 < < ) since the df integral may be replaced by a
sum of squares of coefficients, by Parseval’s formula. It is readily seen that
these “mixed norm” function spaces are, in fact, Banach spaces under the
obvious norms.

It was shown in [1] that A(1, 1)® = B, and that B§ = A(1, 1). It follows
from (2.3) (c) that B =A4(1,1). Let X be a solid space with X%¢ = X. From
Lemmas 1 (ii) and 3 (ii) we have

(33) (B, X) = (X%, A(1, 1)) = (X% s(A(1, D))
We now identify s(A(1, 1)), the largest solid subspace of A(1, 1).
LEMMA 6. The space A(2, 1) is the largest solid subspace of A(1, 1).

ProoF. It is readily seen that A(2, 1) is a solid subspace of 4(1, 1). To
complete the proof we must show, by Lemma 2, that (I =, A(1, 1)) C A(2, 1).

Let {a,} € (7, A1, 1)). By the closed graph theorem, {a,} is a bounded
linear transformation from /™ into A(1, 1). In particular, if f(2) = Za,2" and if
[ is defined by (3.1), then there is a constant ¢ such that |If,[|<c (0 <t<1),
where we are using the norm in A(1, 1). Thus

Jol & So| Eratima

Interchanging the order of integration and using Khintchin’s inequality (Lemma 5)

we have
1 1/2
fo (Zn’ la,, lzsz") Pu<e,

that is, f € A(2, 1), which completes the proof.
Recall the space E defined in (2.1).

LEMMA 7. E = A(2, 1)°.

PROOF. At this time we prove only that E C A(2, 1)°. This will allow
us to complete the proof of the theorem. Then we shall return and finish the
proof of this lemma.

Let f € A(2, 1), g € E be given. Let h,(z) = (zf)'/z (tecall that £(0) = 0),
and let k,(z) = g'(z). Then one verifies that, for 0 <s <1,

sdsdfdt <c  (z = se').
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6o SioFn = [([JheRBa) e - =),

We must show that the limit exists as s — 17. The integral on the right side of
(3.4) may be rewritten as the integral over the open unit disc of the function:
h, 2, (@)9,(r), where ¢,(r) = (s> = r*)/n for r <s, and is O otherwise. This
integrand is dominated by |k, (z)h,(2)(1 -r2)l and so the existence of the limit
will follow from the dominated convergence theorem once this last function is
known to be integrable. We have

f tl) (I :ﬂ |1, (2) 1,(2) ld¢) (1 -rdr

1 2 1/2 27 1/2
<fo(fo hy lzde) (fo I, lzda) @1 - ryr.

But by hypothesis (f1k, [?d0)*% € L (dr), and (1 - P)(fI, *d6)* is
bounded, and so the integral converges. This completes the proof of one half of
the lemma. We postpone the proof of the other half.

Since B C E we have, using (3.3) and the last two lemmas,

(3.5) (& X) C (B, X) = (X% A(2, 1)) C A, 1Y, X) C &, X).

Thus we have shown that (B, X) = (E, X) for all solid spaces X with XXX = X.
To complete the proof of the theorem we need to identify E as a sequence space.

LEMMA 8. E =1(2, ).
ProOF. Let fE€E. From (2.1) and the Parseval relation we have
(3.6) YRIFER) PR* <c1/ -r2)  0<r<1).
1

Put 72 =1 — N1 and note that r>® > ¢ > 0 for n < N (c will be used for a
general constant, not necessarily the same at each occurrence). We have

N -~
3.7 Y I (k) ? <cN2.
1
Hence, with I(n) = {k: 2" <k <2"*1} we have
(3.8) Y If®RPr<ec
I(n)
Thus f €1(2, ).

Conversely, let f € 1(2, ). Reversing the reasoning leads to (3.7), and we
wish to show that this implies (3.5). Note that there is a constant ¢ such that
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z2m f®P <c(@m=1,2,...). Indeed, let m € I(n). Then (m, 2m] C
I(n) U I(n + 1), and the result follows. Hence if NV is given we have
G+1N

Y f@E<c (=1,2,...)

1+jN
since (N, (j + 1)N) C (iN, 2jN]. Now let r <1 be given, and choose N such
that 1 -(V-1)"1<r2<1-N"!, Then

fk’lf”(k)l’r2k<<f:+ S+ ¥ +"->k21f'(k)l’(l-l/N)"
1 1 1+N 1+2N

<cN? + c2N)2(1 - 1N + c(3NY2(1 = 1/N)2N 4« -«

<cN? <cj(1 -r)?.

(Let e = (1 - 1/N)N <e™!. Then Zk?e*~! <o) The lemma is proved. This
completes the proof of the theorem.

We now complete the proof of Lemma 7. From (3.5), if X is any solid
space for which X% = X, then

(39 (£, X) = (B, X) = (4(2, 1), X).

From Lemma 8 we have E = [ (2, «), a solid, Kothe-reflexive space (one verifies
that I(p, r)* = I(p', '), where p', ¥’ are the conjugate indices, and 1 < p, r < =),
Choose X = I(2, =) in (3.9). Then I = (I(2, =), I(2, «)) = (4(2, 1), I(2, »)).
Since the constant sequence 1 is in /™, we see that 4(2, 1) CI(2, ) = E. This
completes the proof of the lemma.

Using this result we can identify A(2, 1) as a sequence space.

LemMma 9. A2, 1) =1(2, 1).

ProOF. From Lemmas 7 and 8 we have 4(2, 1)* =I(2, ). Hence
AQ2,1)CAQ, 1) =12, 1).

Conversely, B C E = I(2, 0); hence I(2, 1) C B® = A(1, 1). Thus (2, 1)
is a solid subspace of A(1, 1) and hence lies in the greatest solid subspace, namely
in A(2, 1). This completes the proof.

4. Multipliers and solid spaces. The previous discussion suggests a more
wide-ranging investigation into solid subspaces and superspaces, and the question
of when two spaces have the same multipliers into a given space. The basic
problem is: given a sequence space A4 to find s(4) and S(4), the largest solid
subspace and the smallest solid superspace. As pointed out in Lemma 4 (jii)
and the discussion following the proof, the second Kéthe dual of 4, AXX, may
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be used as a substitute for S(4) when S(A) itself cannot be found. We now
determine the largest solid subspace of B.

LeEMMA 10. I(1, =) is the largest solid subspace of B.

PROOF. An argument similar to that in the proof of Lemma 8, where we
proved the equivalence of (3.7) and (3.8), shows that fis in I(1, =) if and only if

@.1) iklf(k)l ScN - @ M).

Also, an argument similar to that used in going from (3.7) to (3.6) shows that, if
(4.1) holds, then f € B. Thus I(1, ) C B.

Finally, if f € B and if f = 0, then an argument similar to the derivation of
(3.8) from (3.6) shows that f € I(1, «). This completes the proof.

Thus we have

I(1,%9) = s(B) C B C S(B) C BXX =1(2, ).
Presumably S(B) # (2, ). Similarly one can obtain
1(2,1) = s(A(1, 1)) C A(1, 1) C S(A(1, 1)) C A(1, 1)XK = (o, 1).

We have used Theorem 3 of [4] which describes A(1, 1)X. Presumably
S(A(1, 1)) # (e, 1).
We now make a few remarks about the spaces L? (for the circle group,
[z] = 1). We shall consider these spaces as sequence spaces (Fourier coefficients),
indexed from — o to . The Abel summable sequences {a,} are those for which

lim Y a,r'"! exists ¢ — 17).

ExaMpLE 1. L!. Here we have
12 =s(LYy C L' CSLY) =¢c,.

The first equality follows from [12, Chapter V, Theorem 8.12]. The last
equality follows from the Riemann-Lebesgue lemma, and the fact that L! » Co =
¢, (this notation means that we form all sequences {f(n)wn} where f € L! and
{w,}E€c,). See, for example, [7]. A proof can also be based on [12, Chapter
V, Theorem 1.5]. We deduce that (L')X = !, and (L})*X = 1. Thus SL')
#(LHXK,

ExaMpLE 2. LP (1 <p <2). Here we have

12 =§(LP) C LP CSLP) CI(', 2).

Here p’ denotes the conjugate index. The fact that /> = s(LP) is a consequence
of Example 1, since L2 C L? C L. The fact that LP C I(p’, 2) was shown by
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Kellogg [8]. Here neither S(LP) nor even (L?)XK seem to be known.
ExaMpPLE 3. LP (2 <p < ). Here we have

1(¢',2) Cs(LP) C LP C SULP) =12,

The first containment on the left follows by duality from Example 2. The fact
that S(LP) = I2 isin [12, Chapter V, Theorem 8.16]. Here s(LP) does not seem
to be known. It coincides with the set of unconditionally convergent Fourier
series in L? (see [2], [3])

EXAMPLE 4. L. We have

l=5(L=)C L™ CSIL™) c L™K =12,

For the first equality note that, on the one hand, /! is a solid subspace of L™,
and that, on the other hand, if f C L™ has positive Fourier coefficients, then
fE 1! (consider the Fejér means of the Fourier series of f). The last equality
follows from Example 1 and Lemma 4, and from the fact that (L=)* = L1.
This last was proved by Steinhaus (see [11, the converse to Parallelsatz 3,
pp- 205—210]). A proof can also be based on [12, Chapter IV, Theorem 9.13].
Actually, one has (L*)X = /2, from which the result above follows. Also, it
seems to be the case that S(L™) # I? (see [8, Chapter 7, §6, Exercise 2, p. 70]).
Our final example is the Hardy space H'. It can be described as the sub-
space of L! consisting of those f for which f (n) = 0 (n <0). Thus it may be
viewed as a sequence space where the sequences are indexed from O to . One
could also consider the Hardy spaces H? (1 <p <) but the M. Riesz projection
theorem ([12, Chapter VII, Theorem 2.4]) shows that the results here will be the
same as for the corresponding spaces LP.
ExampLE 5. H!. We have

12=s(H) CH! CSH)Cc,.
Here ¢, is not the smallest solid subspace containing H !, unlike the case of L!.

For example, a theorem of Hardy and Littlewood ([12, Chapter VII, Theorem
8.7]), says that

Z'f(")' <nifll FEHY).

Also, it follows from a result of Paley ([12, Chapter XII, Theorem 7.8]), that
H! C (s, 2). C. Fefferman (unpublished) has determined the Kothe dual of
H*. It consists of all those sequences {A,} such that

oo (k+1)n 2
;( > k,-l) <c<e (m=1,2,..).

=kn+1
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